Published by Institute of Physics Publishing for SISSA Received: July 13, 2005 Accepted: September 22, 2005 Published: September 30, 2005

BFT embedding of the Green-Schwarz superstring and the pure spinor formalism

Alejandro Gaona and J. Antonio García

Instituto de Ciencias Nucleares, Univesidad Nacional Autónoma de México Apartado Postal 70-543, México D.F., México E-mail: gaona@nucleares.unam.mx, garcia@nucleares.unam.mx

Abstract: We worked out the Batalin-Fradkin-Tyutin (BFT) conversion program of second class constraints to first class constraints in the GS superstring using light cone coordinates. By applying this systematic procedure we were able to obtain a gauge system that is equivalent to the recent model proposed in [1] to relate the GS superstring to the pure spinor formalism.

Keywords: Superstrings and Heterotic Strings, Gauge Symmetry, BRST Symmetry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005083 /jhep092005083 .pdf

Contents

1. Introduction 1

2. Birds eye to BFT procedure 2

3. BFT embedding of the GS superstring 4

4. Relation with the AK model 7

5. Conclusions 9

A. Appendix 10

1. Introduction

The covariant quantization of GS superstring is an important open problem for string theory and for the general theory of constrained systems. The problem is as old as the initial proposal of the classical action by Green and Schwarz [2], and many different ways to tackle it with a wide spectrum of techniques was worked along the years. Among them are covariant conversion procedures (with an infinite number of auxiliary fields), BRST program with infinitely reducible constraints [3], the use of light cone coordinates and the question of conformal invariance [4], and recently the pure spinor formalism [5], gauging cosets [6], and BRST extensions attempting to lift the bosonic spinor constraint of the pure spinor formalism by introducing more ghost variables but a finite number of them [7].

The problem with the quantization of the GS superstring lies in the fact that we do not know a procedure to separate the first and second class fermionic constraints in a manifestly Lorentz invariant way. The first class sector of these fermionic constraints is responsible for the κ symmetry of the superstring while the second class constraints appear as in any other fermionic system because the lagrangian is linear in the time derivatives of the fermionic variables. So we face the problem of trying to quantize the system without splitting the constraints or split them in a non-covariant way and use a somewhat complicated Dirac bracket to perform the quantization. The recent proposed pure spinor formalism is an important step in the direction of a covariant quantization program for the GS superstring. This formulation is covariant but the price to pay is a radical departure from the BRST standard techniques, introducing a constraint in the bosonic ghost sector of the theory, know as the pure spinor constraint. The idea could be related to the use of all the constraints (not only the first class constraints) to construct the BRST operator. The condition Q^2 = 0 implies then a constraint in the ghost sector. Nevertheless, this

– 1 – quantization program has been proved to be very useful in many calculations that do not imply the explicit solution of the constrained ghost relation. The other standard formalism to describe the supersymmetric string, the RNS model, has the supersymmetry realized in the worldsheet so the space time supersymmetry is not manifest. As a consequence of this fact the spectrum of the RNS theory is not Lorentz covariant. We need to impose a projection of states in its spectrum, the so called GSO projection to recover a Lorentz invariant spectrum. Without a manifest space time supersymmetric action is very difficult -if not impossible- to describe the superstring in Ramond-Ramond backgrounds.

In what follows we will present a solution to the long standing problem of the implementation of the conversion program of second class constraints into first class constraints by adding to the GS action new fermionic variables with a standard symplectic structure. Our result is completely equivalent to the recent model proposed by Berkovits and Marchioro (BM) to relate the GS superstring with the pure spinor formalism [1]. From our point of view, the key observation given by these authors is that in the extended phase space the Lorentz generators close in the corresponding Lorentz algebra up to and exact BRST term. Moreover, and in spite of the non Lorentz covariant approach, the quantization program can be implemented because the anomaly that comes from the nonlinear products of the new added variables can be canceled using standard BRST techniques. A previous attempt to relate the pure spinor formalism with the GS superstring using standard BRST approach is [8] where the authors were able to modify the GS original action with a non-local term, that when added to the GS action, render it BRST invariant.

In our approach we do not need to fix the gauge (the semi-light cone gauge) nor to add variables other than the ones required by the conversion procedure. Our work is in close relation with a recent proposed action given in [9] where the authors start from a modified GS action doubling the fermion sector and introducing an interaction between the fermionic sectors by hand. These authors claim that theirs modified GS action is equivalent to the BM action by fixing the gauge and performing a Darboux transformation that changes the remaining Dirac bracket to a standard symplectic structure. We will see that this model can be explained and simplified using the conversion approach presented here.

In section 2 we will review the basic ideas of the BFT program. Section 3 will be used to expose our main results and the GS gauged action. In section 4 we present some comments on the relation between our results and the Aisaka-Kazama (AK) action [9], and in section 5 the conclusion and some notes about possible future work.

2. Birds eye to BFT procedure

The aim of the BFT method [10] is to develop a systematic approach to the conversion of a general set of constraints into an algebra of first class constraints by adding to the original phase space an appropriate number of new variables with its own symplectic structure. The method provides us with a procedure for the conversion of second class constraints into first class ones in this extended phase space and a procedure to modify any observable, including any previous first class constraint in such a way that we can construct an effective first class gauge algebra and an effective action consistent with the whole conversion procedure.

– 2 –

It is based on homological perturbation theory and is, in this respect, very similar to the iterative construction of the BRST charge given a gauge algebra.

Suppose that we have a set of constraints where some constraints are second class χ_α , {χ_α , χ_β } = C_{αβ} and some are first class ϕ_m in a phase space defined by the coordinates z^i with the standard symplectic form σ^{ij} . Now we will add ξ_α new variables with symplectic structure ω^{αβ} to the original phase space. The idea is to construct a new set of constraints χ̃_α satisfying the algebra {χ̃_α , χ̃_β } = 0 . (2.1)

To solve for χ̃_α we propose a solution in power series of the new variables

χ̃(z, ξ) = � n X^{(n)}_α , (2.2)

where the n = 0 term coincides with the original constraint χ_α and X^{(n)}_α is a term proportional to ξ^n in the series expansion. The solution, up to a canonical transformation, in the extended phase space is [10]

X^{(0)}_α = χ_α , X^{(1)}_α = X_{αγ} ξ^γ , X_{αγ} ω^{γδ}X_{βδ} = −C_{αβ} (z) , (2.3)

and for the next terms n ≥ 2 in the power series

X^{(n+1)} α = − 1 n + 2 ξ^β ω_{βγ} X^{γρ} X^{(n)}_{ρα} , (2.4)

where

X^{(1)}_{αβ} = � χ_{[α} , X^{(1)}_{β]} � , X^{(n)}_{αβ} = n� m=0 � X^{(n−m)} α , X^{(m)}_β � + n−2� m=0 � X^{(n−m)} α , X^{(m+2)}_β � ξ , (2.5)

and the first bracket is evaluated using only the original phase space variables and the second using only the new variables.

The same idea works also to extend any function f(z) of the original variables z to a new function f̃(z, ξ) as a solution in power series of the new variables ξ. This series must satisfy the condition {χ̃_α , f̃} = 0 , f̃ = � n F^{(n)} , (2.6)

where F^{(0)} = f̃(z, 0) = f(z) and F^{(n)} is the term proportional to ξ^n. The solution is [10]

F^{(n+1)} = − 1 n + 1 ξ^β ω_{βγ} X^{γρ} F^{(n)}_ρ , (2.7)

where

F^{(0)}_α = {χ_α , f(z)} , F^{(1)}_α = � X^{(1)}_α , f(z) � + {χ_α , F^{(1)}} + {X^{(2)}_α , F^{(1)}}_ξ , (2.8) and F^{(n)}_α = n� m=0 � X^{(n−m)} α , F^{(m)} � + n−2� m=0 � X^{(n−m)} α , F^{(m+2)} � ξ + {X^{(n+1)}_α , F^{(1)}}_ξ . (2.9)

– 3 –

In particular, we can extend the original first class constraints ϕ_m to a new set of constraints ϕ̃_m in such a way that all the new constrains close in a new gauge algebra in the extended phase space. In what follows we will need only terms up to second order in the new variables.

An interesting corollary of the conversion approach is that the original Dirac bracket can be recovered using {Ã, B̃}|_{ξ=0} = {A, B}_D , (2.10)

for any two functions of the original phase space A, B that were extended to Ã, B̃ as can be easily checked.

3. BFT embedding of the GS superstring

We start from the GS action that we write in the form

S = − 1 2 � d^2ζ �√ −gg^{ij} Π^μ_i Π_{μj} + 2ε^{ij} Π^μ_i (W^1_{jμ} − W^2_{jμ} ) − 2ε^{ij} W^{1μ}_i W^2_{jμ} � , (3.1)

where W^{Aμ}_i = iθ^Aγ^μ ∂_iθ^A , Π^μ_i = ∂_ix^μ − � A W^{Aμ}_i . (3.2)

As usual the bosonic constraints can be obtained by setting to zero the energy-momentum tensor. Taking the conformal gauge, the first order lagrangian associated is

L = ẋ^μ p_μ + θ̇^A_α p^A_α − H_c − λ^A_α d^A_α , (3.3)

where p_μ = Π_{0μ} − � W^1_{1μ} − W^2_{1μ} � , (3.4) and d^1_α = p^1_α − i � θ^1γ^μ � α � p_μ − x^′_μ + W^1_{1μ} � , (3.5) d^2_α = p^2_α − i � θ^2γ^μ � α � p_μ + x^′_μ − W^2_{1μ} � , (3.6)

are the fermionic constraints. The canonical hamiltonian is

H_c = 1 2 � � � p_μ + W^1_{1μ} − W^2_{1μ}

�_2 + � x^′_μ − � A W^A_{1μ}

�_2�

� = 1 2 � Π^2_0 + Π^2_1 � . (3.7)

The bosonic constraints H = 1 2 � Π^2_0 + Π^2_1 � , H_1 = Π^μ_0 Π^μ_1 , (3.8)

can be written in the form

T̂ = H + H_1 = 1 2 Π̂^2 , T = H − H_1 = 1 2 Π^2 , (3.9)

where Π_μ = p_μ − x^′_μ + 2W^1_{1μ} , Π̂_μ = p_μ + x^′_μ − 2W^2_{1μ} . (3.10)

– 4 –

The algebra of constraints naturally splits into two sectors

{d_{1α} , d_{1β} } = 2iγ^μ_{αβ} Π_μ , {d_{2α} , d_{2β} } = 2iγ^μ_{αβ} Π̂_μ , (3.11) {d_{1α} , d_{2β} } = 0 , {d_{1α} , Π̂_μ } = 0 , {d_{2α} , Π_μ } = 0, {Π_μ , Π̂_ν } = 0 . (3.12)

To separate the constraints into first and second class we will write them in the light cone coordinates and divide the α, β spinor indices using the spinorial representation of the little group SO(8). The result is that the constraints d^A_a = 0, (Π^+ ≠ 0) are second class while the rest of the constraints d^A_ȧ = 0, T = 0, T̂ = 0 are first class. This fact allow us to count the number of degrees of freedom for the superstring given us the correct result, as expected. In what follows we will not need the details of this first class algebra as our aim is to construct a new effective gauge algebra. To that end we extend the original phase space x^μ , p_μ , θ^A_α , p^A_α by adding the fermionic variables S_a with the symplectic structure^1.

{S_a, S_b} = iδ_{ab}. (3.13)

Searching a solution for the condition (2.1)

{d̃_a, d̃_a} = 0, (3.14)

in power series of S give us a very simple result. The solution is linear in S and yields

d̃_a = d_a + i √ 2Π^+S_a . (3.15)

The next step consist in the deformation of the other first class constraints d_ȧ = 0, T = 0 to be consistent with the new d̃_a constraints. Consider the case of d_ȧ. We need to find a solution to the condition {d̃_a, d̃_ȧ} = 0 . (3.16)

The solution has the general form

d̃_ȧ = d_ȧ + A_{ȧb}S_b + B_{ȧ[bc]}S_bS_c , (3.17)

where

A_{ȧb} =

2iγ^i_{ȧa}Π^i √ 2Π^+

, B_{ȧ[ac]} =

2γ^i_{ḃ[a}γ^i_{c]ȧ}θ^′_ḃ Π^+

. (3.18)

The extended constraint is

d̃_ȧ = d_ȧ + 2iΠ^i√ 2Π^+

(γ^iS)_ȧ +

2(θ^′γ^iS)(γ^iS)_ȧ Π^+

, (3.19)

keeping in mind that the last term has to be antisymmetrized in undoted spinorial indices.

Now to find the extended constraint associated with T it is easy to proceed first to the extension of Π_μ defined in eq (3.10). To do that we need to solve the condition (2.1) for Π̃_μ , i.e., {d̃_a, Π̃_μ } = 0 . (3.20)

1In what follows we will work on the sector with index 1 and for simplicity we will remove this index from our equations. The other sector can be worked in the same way.

– 5 –

A simple check shows that the series in powers of the new variables S for Π̃_μ stops up to second order terms. The solution is Π̃^μ = Π^μ + 4i(θ^′γ^μ S) √ 2Π^+ + i Sγ^μ S Π^+

. (3.21)

Using this solution we will define the new first class constraint T̃ in such a way that it will close in a Lie algebra with the rest of the new constraints

T̃ =

Π̃ 2 4Π^+ = − Π^− 4 + Π^iΠ^i 4Π^+

+ 2i θ^′_aS_a √ 2Π^+ + i S_aS^′_a 2Π^+

+ 4i

Π^i(θ^′γ^iS) (2Π^+)^{3/2} − 2 (θ^′γS)^2 (Π^+)^2

. (3.22)

The new effective gauge algebra in the extended space is now

{T̃ , T̃ } = 0 , {d̃_a, d̃_b} = 0 , {d̃_ȧ, d̃_a} = 0 , (3.23) {d̃_a, T̃ } = 0 , {d̃_ȧ, d̃_ḃ} = −8i T̃ δ_{ȧḃ} . (3.24)

The gauged GS first order action is

S̃ = − 1 2 � d^2ζ � ẋ^μ p_μ + θ̇^A_α p^A_α + i 2 Ṡ^A_a S^A_a − λ T̃ − λ̂ ^̃T − λ^A_α d̃^A_α � , (3.25)

where we have included the two sectors. Its gauge symmetries are the worldsheet diffeomorphisms that are generated by T̃ and ^̃T and a new fermionic gauge symmetry that is generated by d̃^A_α . Of course the theory is not manifestly Lorentz covariant but the Lorentz invariance is guaranteed up to a BRST trivial transformation [1].

We have now 17 first class constraints by sector and as expected the model is equivalent to the original GS action and by construction has the same number of degrees of freedom. Two comments are in order. The first is that this embedding of the GS superstring is equivalent to the classical BM action. Its quantization can be performed along the same lines as the quantization of the BM model. Subtitles related to ordering ambiguities must be taken into account for a consistent quantization of this action. Secondly, as the BM model can be related to the pure spinor formalism via similarity transformations between the associated BRST charges, this model can also be related to the pure spinor formalism using the same sequence of similarity transformations between its associated BRST charges. The advantage of our perspective is that we have developed a gauge model in a completely systematic way starting from the plain GS superstring and consequently we have more control over any change in the embedding procedure that can be of help to relate GS and pure spinor formalisms in a more direct way. This procedure can also be of some help to better understand many aspects of pure spinor formalism like its geometrical interpretation, the path integral measure, or the underlying action.

From the other hand our new constraints (3.15), (3.19), (3.22) are the same as the ones obtained in [9]. It is quite surprising for us that the constraints are exactly the same. The two procedures are very different. In [9] the number of fermions is doubled and an interaction between them was introduced by hand. After fixing the semi-lightcone gauge and making a complicated Darboux transformation simplifying the Dirac bracket, the results of [9] coincides with the BFT embedding presented here. We will try to explain this relation in the next section by extracting more information about how the BFT embedding works.

– 6 –

4. Relation with the AK model

That the embedding approach to GS action has something to do with the interacting action proposed in [9] is at first sight very surprising. Here we will try to elaborate on this relation using a slightly modified approach to the conversion procedure. The arguments presented in this section does not apply to the case of a general constrained system but are valid in some special type of systems like the one considered here.

Lets start by noticing that another way to apply the BFT embedding is to seek for new extended coordinates x̃^μ , p̃_μ , θ̃^A_α , p̃^A_α such that they satisfy the conditions

{d̃^A_a , z̃} = 0 , (4.1)

where z̃(x^μ , p_μ , θ_α , p_α , S) is any of the phase space extended new coordinates or momenta. If we can solve these conditions then we can use the solutions to extend any observable of the original phase space to the new extended phase space. The procedure is as follows: suppose that we have a function in the original phase space A(z). First we write it as A(z̃), then substitute z̃ by the solution to (4.1) and find Ã(z, S). For the GS superstring the solution to the conditions (4.1) are^2

x̃^μ = x^μ − i

(θγ^μ S) √ 2Π^+

, θ̃_a = θ_a −

S_a √ 2Π^+

, θ̃_ȧ = θ_ȧ , (4.2)

for configuration space variables. For the bosonic momenta p_μ and the fermionic momenta p_α the solutions are

p̃^μ = p^μ + i � θγ^μ S √ 2Π^+

�_′

, (4.3)

p̃_α = p_α − i

(γ^μ S)_α √ 2Π^+

(Π_μ − W_{1μ} + P_μ ) + i(γ^μ θ)_α P_μ + C_α , (4.4)

where P_μ = 2i θ^′γ_μ S √ 2Π^+ + i Sγ_μ S^′ 2Π^+ + i � θγ_μ S √ 2Π^+

�_′ , (4.5) and C_a = i √ 2Π^+S_a , C_ȧ =

2iΠ^i √ 2Π^+

(γ^iS)_ȧ +

2(θ^′γ^iS)(γ^iS)_ȧ

Π^+

, (4.6)

where the last term must be antisymmetrized with repect to the spinorial indices without dots. The new momenta p̃_μ , p̃_α in (4.3), (4.4) are very similar to the Darboux transformation proposed in [9] to simplify the Dirac bracket but there are differences that we will explain below. What is perhaps more interesting is that the transformations (4.2) in configuration space can be used to obtain, from the GS action (3.1), the interacting AK action. Indeed, redefine S_a/ √ 2Π^+ as ξ_a and use (4.2) to get

S = − 1 2 � d^2ζ �√ −gg^{ij} Π^μ_i Π_{μj} + 2ε^{ij} Π^μ_i (W^1_{jμ} − W^2_{jμ} ) − 2ε^{ij} W^{1μ}_i W^2_{jμ} � , (4.7)

2This solutions are for the sector 1. The solution for the other sector has the same form.

– 7 – where

W^{Aμ}_i = iΘ^Aγ^μ ∂_iΘ^A , Π^μ_i = ∂_ix^μ − � A W^{Aμ}_i − i � A ∂_i(θ^Aγ^μ ξ^A) , (4.8)

with Θ^A = θ^A − ξ^A as in [9]^3. Notice that the effect of the substitution of the new configuration variables (4.2) in terms of the old ones in the original GS action (3.1) produces a deformation of the symplectic structure and a deformation of the original bosonic constraints. The first order action has now the form

S = − 1 2 � d^2ζ � ẋ^μ p_μ + θ̇^A_α Δ^A_α + ξ̇^A_a Ξ^A_a − λτ − λ̂τ̂ � , (4.9)

where space-time momenta is

p_μ = Π_{0μ} − (W^1_{1μ} − W^2_{1μ} ) , (4.10)

and the functions in the kinetic term are

Δ^1_α = −i(γ^μ ξ^1)_α p_μ + i(p^μ − Π^μ_1 − W^{2μ}_1 )(Θ^1γ_μ )_α , (4.11) Δ^2_α = −i(γ^μ ξ^2)_α p_μ + i(p^μ + Π^μ_1 + W^{1μ}_1 )(Θ^2γ_μ )_α , (4.12) and Ξ^1_a = −i(γ^μ θ^1)_ap_μ + i(p^μ − Π^μ_1 − W^{2μ}_1 )(Θ^1γ_μ )_a , (4.13) Ξ^2_a = −i(γ^μ θ^2)_ap_μ + i(p^μ + Π^μ_1 + W^{1μ}_1 )(Θ^2γ_μ )_a . (4.14)

τ, τ̂ are the deformed bosonic constraints after the substitution of (4.2) in the original bosonic constraints T and T̂ . Defining, as usual, the fermionic momenta as the coefficient that multiply θ̇ in (4.7), we find the fermionic constraints

D^A_α = p^A_α − Δ^A_α , (4.15)

that correspond to the constraints d^A_α of the original GS action. Integration by parts in the kinetic term produces the action

S = − 1 2 � d^2ζ � ẋ^μ (p_μ − P_μ ) + θ̇^A_α (p^A_α − P^A_α ) + iΠ^+ξ̇^A_a ξ^A_a − λτ − λ̂τ̂ − λ^A_α D^A_α � , (4.16)

where P_μ = −i(θγ^μ ξ)^′_1 + i(θγ^μ ξ)^′_2 , (4.17)

and ()_1 denotes variables of the sector 1 and , ()_2 for sector 2. The fermionic momenta redefinition is

P_a = ix^{′+}ξ_a + R_a , P_ȧ = (γ^iξ)_ȧ � ix^′_i + (θγ_iξ)_2 � + R_ȧ , (4.18)

where

R_α = (θγ^μ )_α � −2(ξγ_μ θ^′) + ξγ_μ ξ^′ + (θγ_μ ξ)^′ � + (ξγ^μ )_α � 3(θγ_μ θ^′) − 2(θγ_μ ξ^′) � . (4.19)

3We denote by ξ the variable that are denoted as θ̃ in [9] to avoid some possible confusion with our tilde variables.

– 8 –

The redefinition of the space time momenta are the same as the redefinition that we have used in the BFT embedding but the redefinitions associated with the fermionic momenta are slightly different. The reason is that the fermionic constraints D^A_α are not the same as the original fermionic constraints d_α after the substitution of the new coordinates (4.2). Now it is easy to check that the field redefinitions

p_μ → p_μ − P_μ , p^A_α → p^A_α − P_α , ξ_a = S_a/ √ 2Π^+ , (4.20)

produces the first order action (3.25) obtained by the BFT embedding. The efficient way, just presented to analyze the constraint structure of the action (4.7) is inspired in the Faddeev-Jackiw method that is equivalent to the Dirac method for a wide class of constrained systems [11]. So we have obtained the interacting model [9] from the BFT embedding approach using the configuration variables x̃^μ , θ̃^A_α obtained by solving the embedding condition (4.1). Notice that this procedure does not work for a general constrained system. The fact that the GS action is linear in the velocities of the fermionic variables and that the solution to (4.1) depends only on the configuration variables, after the redefinition that relates S with ξ are crucial ingredients in the construction of a lagrangian action compatible with the dynamics of the original hamiltonian action.

5. Conclusions

We have worked out the BFT embedding of the GS formalism using light-cone variables. We have shown that the correction to the second class constraints and the embedding of the first class algebra requires only terms up to second order in the new fermionic variables and its derivatives. The embedding can be performed in a completely systematic way and we do not have to fix the gauge at any stage of our embedding procedure not to add adhoc variables other than the ones needed by the BFT embedding approach. The gauged GS action that results from our analysis is equivalent to the BM model proposed recently in [1]. It also explain some aspects of the rationale under the construction of a related model worked in [9].

The systematics behind our approach can be used to study the relation of the BRST charges and associated cohomologies between this model and the pure spinor formalism. We also have more control on the gauge fixing procedure. It is also a better point of departure to study the supermembrane and other topics not yet well understood in the pure spinor formalism, like the associated action and the measure of the path integral. It could be also of interest to explore the idea of non-abelian [12] conversion to simplify the relation between the Berkovits pure spinor formalism and the GS embedding. We will return to these aspects elsewhere.

Acknowledgments

This work was partially supported by Mexico’s National Council of Science and Technology (CONACyT), under grant CONACyT-40745-F, and by DGAPA-UNAM, under grant IN104503-3.

– 9 –

A. Appendix

The notation used in the paper is the following: for the GS action (3.1), ε^{01} = 1, θ^A_α , is an SO(9, 1) spinor with A = 1, 2 supersymmetries and α = 1, 2, . . . 16 components. They are real Mayorana-Weyl spinors of the same chirality. x^μ μ = 0, 1, 2 . . . 9 are the space-time configuration variables. The worldsheet coordinates are ζ = (t, σ) and the derivatives with respect to time will be denoted by a dot and with respect to sigma by a prime. The γ^μ matrices are 16 × 16 Dirac matrices, real and symmetric. The convention for derivatives are left derivatives and then � θ^A_α , p^B_β � = −δ_{αβ} δ^{AB} , (A.1)

This convention fixes the order of θ̇ and p in the kinetic term of the first order action.

Light-cone coordinates: We split the spinorial index α according to the the SO(8) chiral and anti-chiral components a and ȧ. Space-time indices decompose according to γ^± = γ^0 ±γ^9, x^± = x^0 ±x^9 . . . and γ^i, x^i, i=1,2,. . . 8 for the other set of vector components. The Dirac algebra decomposes according to

γ^+_{ȧḃ} = −2δ_{ȧḃ} , γ^−_{ab} = −2δ_{ab} , γ^i_{ȧa}γ^j_{ȧb} + γ^j_{aȧ}γ^i_{ȧb} = 2δ^{ij} δ_{ab} , (A.2) and γ^i_{aḃ}γ^i_{cḋ} + γ^i_{aḋ}γ^i_{cḃ} = 2δ^{ac}δ_{ḃḋ} , (A.3)

with γ_{ȧa} symmetric. We use repeatedly through the text the Fierz identity

(γ_{(αβ} )^μ (γ_{γ)δ} )_μ = 0 . (A.4)

References

[1] N. Berkovits and D.Z. Marchioro, Relating the Green-Schwarz and pure spinor formalisms for the superstring, JHEP 01 (2005) 018 [hep-th/0412198].

[2] M.B. Green and J.H. Schwarz, Covariant description of superstrings, Phys. Lett. B 136 (1984) 367.

[3] M.B. Green and C.M. Hull, The covariant quantization of the superparticle, presented at Texas A and M Mtg. on String Theory, College Station, TX, Mar 13-18, 1989; Quantum mechanics of a twisted superparticle, Nucl. Phys. B 344 (1990) 115; The quantum mechanics of an N=1 superparticle in an extended superspace, Mod. Phys. Lett. A 5 (1990) 1399; R. Kallosh and M. Rakhmanov, Covariant quantization of the Green-Schwarz superstring, Phys. Lett. B 209 (1988) 233; Consistency of covariant quantization of GS string, Phys. Lett. B 214 (1988) 549;

C.M. Hull and J.L. Vazquez-Bello, Particles, superparticles and superYang-Mills, Nucl. Phys. B 416 (1994) 173 [hep-th/9308022];

P.A. Grassi, G. Policastro and M. Porrati, Covariant quantization of the Brink-Schwarz superparticle, Nucl. Phys. B 606 (2001) 380 [hep-th/0009239];

C.M. Hull and J.-L. Vazquez-Bello, Particles, superparticles and super Yang-Mills, Nucl. Phys. B 416 (1994) 173 [hep-th/9308022].

– 10 –

[4] S. Carlip, Heterotic string path integrals with the Green-Schwarz covariant action, Nucl.

Phys. B 284 (1987) 365;

R. Kallosh and A.Y. Morozov, Green-Schwarz action and loop calculations for superstring, Int. J. Mod. Phys. A 3 (1988) 1943.

[5] N. Berkovits, Super-Poincare covariant quantization of the superstring, JHEP 0004 (2000) 018 [hep-th/0001035]; Cohomology in the pure spinor formalism for the superstring, JHEP 0009 (2000) 046 [hep-th/0006003]; ICTP lectures on covariant quantization of the superstring, hep-th/0209059; Super-Poincaré covariant quantization of the superstring, JHEP 04 (2000) 018 [hep-th/0001035].

[6] P.A. Grassi and P. van Nieuwenhuizen, Gauging cosets, Nucl. Phys. B 702 (2004) 189 [hep-th/0403209].

[7] P.A. Grassi, G. Policastro and P. van Nieuwenhuizen, On the BRST cohomology of superstrings with / without pure spinors, Adv. Theor. Math. Phys. 7 (2003) 499 [hep-th/0206216]; An introduction to the covariant quantization of superstrings, Class. and Quant. Grav. 20 (2003) S 395 [hep-th/0302147];

M. Chesterman, Ghost constraints and the covariant quantization of the superparticle in ten dimensions, JHEP 0402 (2004) 011 [hep-th/0212261];

P.A. Grassi, G. Policastro and P. van Nieuwenhuizen, On the brst cohomology of superstrings with/without pure spinors, Adv. Theor. Math. Phys. 7 (2003) 499 [hep-th/0206216].

[8] I. Oda and M. Tonin, On the berkovits covariant quantization of GS superstring, Phys. Lett.

B 520 (2001) 398 [hep-th/0109051].

[9] Y. Aisaka and Y. Kazama, Origin of pure spinor superstring, JHEP 05 (2005) 046 [hep-th/0502208].

[10] I.A. Batalin and E.S. Fradkin, Operator quantization of dynamical systems with irreducible first and second class constraints, Phys. Lett. B 180 (1986) 157;

I. A. Batalin and I. V. Tyutin, Existence theorem for the effective gauge algebra in the generalized canonical formalism with abelian conversion of second class constraints, Int. J. Mod. Phys. A 6 (1991) 3255.

[11] L.D. Faddeev and R. Jackiw, Hamiltonian reduction of unconstrained and constrained systems, Phys. Rev. Lett. 60 (1988) 1692;

see also J.A. Garcia and J.M. Pons, Equivalence of Faddeev-Jackiw and dirac approaches for gauge theories, Int. J. Mod. Phys. A 12 (1997) 451 [hep-th/9610067].

[12] I. Batalin, M. Grigoriev and S. Lyakhovich, Non-abelian conversion and quantization of non-scalar second-class constraints, J. Math. Phys. 46 (2005) 072301 [hep-th/0501097].

– 11 –